I'JIABA 2
CJYYAMHBIE BJYXKJIAHUA
N HPOLECC INPPDPY3NUUN YACTHULL

2.1. IlpocTeiiast cxema 0J1y:KIaHus M0 MPAMOii. 3a1a4a 0 «IIbSIHOM
MaTpoce»

HecmoTpst Ha TO, UTO Ha3BaHUE 3aJlaud HAIOMUHAET 00, YBBI, paclpocTpa-
HEHHOM TOPOKE, UMEHHO I0JT TAKMM MMEHEM OHa BXOJHUT B OOJBIIMHCTBO
3apyOeKHBIX YIeOHHUKOB 0 TEOPUH CiIydaiHbIX TporieccoB (Drunk sailor
problem).

Htak, ecth 0ap (puc.2.1). Ot cToiiku 6apa 10 ABepu M miaros (0yaem s
ONPEICICHHOCTU CUUTATh, YTO 5 IAros, T.e. M=5). OT CTONKM HAaYUHAET
NBH>KEHUE MbSIHBIA MaTPOC, Jiesiasi 0053aTEIbHO OJMH IIar 3a JPYyTruM, HO B
KaKyl CTOpPOHY — Kak Oor monuieT. KakoBa BeposiTHOCTh Toro, 4to 3a N
IarOB OH BBUIETHUT 324 JIBEPH?

Puc.2.1. PacueTHas cxema OJy>xaHuM MbSTHOTO MaTpoca

[TocMOTpUM, KaK pa3BUBAETCS ATOT CIy4YalHbIN (B CHIIy HETPE3BOCTU MaT-
poca) mpouecc. MaTpoc MOKET HaXOAUTHCS B OJJHOM M3 IIECTH MOKA3aH-
HBIX Ha PUCYHKE COCTOSIHUM: 5 COCTOSIHMI BHYTpHU Oapa u 1 cHapyxu (Bbl-
JeTen). DTOT MOJHBIN CIIEKTP BO3MOXHBIX MPeObIBaHUI MaTpoca oOpa3yer
MPOCTPAHCTBO COCTOSIHUM 3a7auu. Kak onucath ero Oayxaanue?

Ecnu oH HaunMHaeT ABMKEHUE OT CTOMKHU, TO MEPBBIM MIar oH 00s13aTeIbHO
CHEJAET BIPABO, TAK KAaK BIIEBO HENB3S, TO €CTh IIEPEUAET U3 MOJIOKEHUS |
B Toj0keHue 2. Ha BTOpoM 11are oH MOKET IIArHyTh U BIPaBO, U BJIEBO.
Tak Kak OH CUMTAETCs MbSHBIM COBEPIIEHHO, BEPOATHOCTH TOTO U APYTOro
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onuHakoBa. JlaBaiiTe OpOoCMM MOHETKY, U €CJIA BBINAJET OPE, TO MOJIBU-
HEM €ro0 BIIPABO, a €CJIM PEIIETKA, TO BJIEBO (B KOMIIBIOTEPE POJIb MOHETKHU
UTPAaEeT F€HepaTop CIy4ahHbIX yucel). B 3aBUCMMOCTH OT pe3yibTara OH
OKaxxeTcd B mosioxkeHn | wmum 3. Ecnu B 1, TO ciepyrommi mar TOYHO
BIPABO, a €CJIM B 3, TO HaJ0 CHOBAa OpocaTh MOHETKY. MBI OTBEJIM MaTPOCy
N maroB. 3Ha4uT, IO 3TOMY MPABUITY €ro HaJ0 «moaABUHYTH» N pas. Ecnu
nocJe Kakoro-to u3 N maroB oH OKakeTcs B MOJOKEHUU 6, TO UTPY MOXK-
HO NPEpBATh U MMOMETUTH, YTO 3TOT MaTpoc BbuieTen. Ecnu nocne Bcex N
[1aroB OH OCTaHEeTCsl BHYTpHU 0apa, TO €CTh B MOJOXKEHUAX 1...5, TO OH He
BbuleTeN. Kaxaplil pa3, 3amyckas 3aaady, Bbl OyJeTe MOJydaTh pa3HbIE
cxembl Omyxaanuil matpoca. [lourpare ¢ 3TUMu OyKIaHUSAMU MOXKHO C
nomorpio nporpammel MCh1, mpuBenennoit B npwioxkennu. Ha puc.2.2
NIOKA3aHO YETBIPE PEANM3ALNU 3TOr0 CIy4anHOI0 IIPoLecca, Koraa MaTpo-
cy orBeneHo 20 maroB: B IBYX M3 HUX MaTpoC HE JIOLIEN IO JIBEpPH, a B
IBYX — BBUIETEN 32 HEE. 3HAUUT JIM 3TO, YTO BEPOATHOCTh MOKUHYTH Oap 3a
20 maroB paBHa 0,5?

Brimen

He Bbien e Beimien RS ,
‘ = =t
'1 - o 1 . : "'--. ;
05- 70 05 0

[:I ~h ] A ), D bl

1 15 BN

345 5] Howmep mara 34 e ) Howmep mara
Tonoxenné & TMonosxenue = 0

Puc.2.2. ITpumepsl peanu3aiuu ciiy4aitHbIX OJIy>KIaHUi MaTpoca
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3aMeTuM, 4YTO B 3TOM MOJEIHU JIBUKEHHS MaTpoca HE TaK YK BaXKHO, B Ka-
KYIO0 CTOPOHY M C KaKON BEpOSATHOCTbIO OH KaXkIbIi pa3 Iaraet (HUKE Mbl
pPacCMOTPUM U JIpyTUe BapuaHThl). BakHO TO, UTO, Jenast KaKabld 11ar, OH
COBEPIUICHHO HE MOMHUT, OTKYJla OH MpPHIIEI: €ro OyAylllee MOJIOKEHHE
ONPECISIETCA TOJIBKO HACTOSIIIUM IOJIOKEHUEM M HUKAK HE 3aBUCUT OT
npeapayiero. MIMeHHO 3TO M OTHOCHUT €ro OJIy»KITaHHS K MapKOBCKOMY
IIPOLIECCY.

HamomMHuM, 4TO BEpPOSITHOCTH — 3TO OTHOILEHHE YHUCJIA 0JIaronpusiT-
HBIX UCXO0J0B MCNBITAHUS K 00LEMY YHMCJIY UCNILITAHUN (311€Ch O1a20-
NPUAMHBIX HE HECET CMBICHA Jiceslaemvlx; 3TO T€ HCXOAbl, O KOTOPBIX
CIIpalllMBAIOT B 33J]aU€ — B HAILIEM CJy4dae «BbUIeTen»). [IpuuemM uncio uc-
NBITAHUN NOKHO OBITH OYEHb OONBIIMM ((POPMaIbHO — CTPEMUTHCS K
OECKOHEUYHOCTH).

Takum oOpa3zoM, HaM HajJo0 3amycTUTh He 4, a, ckaxeM, 100 MaTpoCOB 1O
PACCMOTPEHHOM BBIIIE CXeMe UX OJy>KIaHHs, COCUMTATh, CKOJIBKO U3 HHUX
3a 20 maroB HOCTUTIIM MOJOXKEHUS 6, U pe3yabTaT pazaenuts Ha 100. Ho
noyuemy uMeHHo 100, a He Oonbmie? O4YeBUIHO, YTO HAAO IMPOBECTHU
CTOJIbKO MCIBITAHUM, YTOOBI pe3yibTaT npakmuuecku TepecTayl 3aBUCETh
OT ux yuciaa. [IpuMep Takoro uccieaoBaHus Mmoka3aH Ha puc.2.3. OH BbI-
MOJTHEH ¢ moMoIIbio mporpaMMbl MCh2, paGoTast ¢ KOTOpPOi BBl MOXKETE
BBITOJIHUTH AaHAJIOTUYHOE UCCIIEIOBAHNE CaMH.

1 ; .
i ¥ a) i 6)
I § --------------------------------------- e
3 * i
X | |
O s R [ SESTE SRR s
: i * E
E 04} § -------------------------------------------- Rt
: * | |
P02 ég ---------------- e PR hoseannennn e
0= E —k 5
0 50 100 0 50 100
Yucmo maros Marpoca Yucmo maros Marpoca

Puc.2.3. BnusiHue MOJHOTO YUCIa UCTIBITAHUN Ha pa30poc BEPOSITHOCTU BBIXO/1a
Marpoca: a — 10 tectoB no 50 ucneiranuit; 6 — 10 TectoB 1o 5000 ucnbITaHUM

Ha puc.2.3,a noka3aHa paccunuTaHHasi TAKUM 00pa3oM BEPOSTHOCThH BBIXO-
na3a s, 10, 20, 40 u 80 maroB npu 50 UCOBITAHUAX, IPUYEM KaXKIbIA TECT
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noBTopeH 10 pa3. BugHo, 4yTo pa3dpoc BEPOSATHOCTENH B KaXJAOM TECTE
OYCHb BEJIMK, U OJHOPA30BBIM 3amyCK 3a1aud ¢ 50 MCIBITAaHUAMU MOKET
JaTh BeChbMa HEJIOCTOBEpHBIN pe3ynbTaT. Ha puc.2.3,0 mokazaHbl pe3yJib-
TaTbl TON XK€ Urpel, HO ¢ S000 UCHIBITAHUN B KaXKIOM TECTE. 37I€Ch BEPOST-
HOCTH JOCTaTOYHO IUIOTHO TPYNIHAPYIOTCS OKOJO KAaKOro-TO CPEIHETO
3HAQUYECHUS U UX pa30poc HEBeIUK. UTO 3HAYUT «HEBEIUK» — 3apaHee CKa-
3aTh HEJIb3S: OTO 3aBUCUT OT KOHKPETHOW pelaeMou 3amadyu. Eciau Mbl
JNEUCTBUTEIIBHO MHTEPECYEMCS MbSHBIM MaTPOCOM, TO 3Ta TOYHOCTbH BbI-
[JISIAUT BIOJIHE MPUEMIJIEMOM, HO B JIPYTHX 3a7a4aX €€ MOXET OBbITh SIBHO
HEJIOCTaTOYHO.

B paccmoTpeHHON BbIIIE 3a7a4e Mbl HaBS3aJIM MAaTPOCY OIPEACIICHHBIE
npaBujia UTpbl: 0053aTENIbHO JI€NaTh 1Iar, MpUuieM, KpoMe MepBOro moJio-
KEHHUsI, C OMUHAKOBOW BEPOSTHOCTHIO BJIEBO U BIIPABO. TaK MbI IOCTyNaeM
BCETJa, YTOOBI TOCTPOUTHh MATEMATUUECKYIO0 MOJIEIb PEATBHOTO MPOLECCa.
Ho npaBuiia urpsl MoryT ObITh U ApyruMu. Hampumep, eciu mos umeer
YKIIOH B CTOPOHY JIBEPH, €CTECTBEHHO NPEAIOJIOKNUTH, YTO BEPOATHOCTH
mara BIpaBo OyneT OoJibllie BEPOSITHOCTH Iara BieBo. Kpome Toro, 3a
OTBEJCHHOE Ha IIar BpeMs MaTpoc MOXET BOOOIIE HE cAenaTh Iiara, TO
€CTh OCTaThCsl B TOM K€ MOJIOKEHUH, UTO U ObLI. [lombITaeMcst MOCTPOUTH
MOJIeJIb O0IIETO ciydast OyKIaHUsl MaTpoca.

[IpocTpaHCTBO COCTOSTHUM MOJENN TAKOTO K€ pa3Mepa, 4YToO U B MPEAbITY-
el cxeme, mokasaHo Ha puc.2.4.

P11 Dot P22 P22 P33 Da3 Pas Pss Pss Des Pes=1

AT

—  |pw P2 i |V — Ipss —

Sl Sz SS S4 85 86

Puc.2.4. llennas mozens npoliecca ciay4yailHbIxX Omy»KAaHui MaTpoca — 1enb MapkoBa

O003HaYMM BEPOSTHOCTh HAWTH MaTpoca B KaKOM-JIMOO I-M COCTOSIHUU
gyepes S;, 1=1,2,...,6. OueBUAHO, YTO B KAKOM-TO U3 6 COCTOSHHI MaTpPOC
HalJeTcs 0053aTeNIbHO, TOATOMY

> S=1. (2.1)
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B nanpnelimem OyaeT ymoOHO TpPEACTaBIsATh HAOOp BEPOSITHOCTEH Si B
BHJIC BEKTOpaA-CTOJIOIa

S= . (2.2)

[lemecooOpa3Ho emie pa3 OOpaTHTBCA K CMBICITY BenWuuH Si. MOXHO
MPEJACTaBUTh OJMH 3a JPYTrUM MHOTO 0apoB, B Ka)XIOM U3 KOTOPBIX OT
CTOMKM HaYMHAET OJIy)JaHWE MbAHBIM MATpPOC. Y KaXJO0ro U3 HUX OyAeT
CBOSI peanu3alus 3TOro CIy4auHOro Iporecca. B KakoW-T0 MOMEHT Bpe-
MEHU MOXHO MOCMOTPETh, CKOJIBKO MAaTPOCOB HAXOJIUTCS B KaXKJIOM CO-
ctosinud. [Togenus 3Tu yucna Ha 00IIee YUCIO MATPOCOB, TOJIYUYHUM TE Be-
POSITHOCTH COCTOSIHUS, KOTOPbIE 0003HAYCHBI S;.

Teneps BBEIEM B pacCMOTpeHUE Bpems nporecca. [Iycte maTpocy Ha Ka-
YKIBIM 1ar OTBEACHO BpeMs At — IMPOAOIDKUTEIBHOCTh OJTHOTO IEPEX0a.
Mpb1 (dukcupyeM COCTOSIHUE MpOoIEecca TOJIbKO B JUCKPETHBIE MOMEHTHI
Bpemenn t=(Kk-1)At, tme K — HOMEep BpeMEHHOTO COCTOSHUS, HAUWHAS C
IEPBOTO: MaTpoc y cToiiku. Benmmumaa K MoXKeT paccMaTpuBaThCs Kak
JACKPETHBIN aHAJIOT TEKYLIErO0 BPEMEHU.

[Tomy4uunock Tak, 4TO BCE NEPEMEHHBIE 3aa4d CTAJIA LEJIOYNUCICHHBIMMU:
IIOJI0’KEHUE MAaTpOCa B MPOCTPAHCTBE XapaKTEPU3YETCsI HOMEPOM SYEHKHU
I, a BpeMs — HOMEPOM BpeMEHHOTO Tiepexoza K.

Bepnaemcst k puc.2.4. [Tycts B K-M BpeMEHHOM COCTOSIHHH pacIipeieCHIe
BEPOSATHOCTEN XapPaAKTEPUZYETCSI BEKTOPOM s¥ Coyctst At (Bpemsi nepexo-
7a, TO €CTh MNPOJOJIKATEIBHOCTh OJHOTO IIara MaTpoca) OH MEpPEeuJIeT B
BEKTOP S PaccmoTpuM, kKakue U3MEHEHHs] OOyCIOBJIMBAIOT 3TO TEepe-
X0J. 3a 3TO BpeMs MaTpOC MOXKET OCTAThCA B AYEUKE, CAETIATh 1Iar BIEBO
¥ CE€JaTh 1Iar BIPaBo. BBeneM BEPOATHOCTH 3TUX COOBITHH Pjj, II€ IEpP-
BbI MHEKC MTOKA3bIBAET, KyJa OCYLIECTBISAETCS MEPEXO, & BTOPOU — OT-
KyZa OH Ipoucxoaur. O4eBUIHO, UYTO Pjj — BEPOATHOCTb OCTAThCA B SYCH-
KE. DTH BEPOSITHOCTH HA3bIBAIOTCS MEPEXOAHBIMU. [I0CKOIBKY Kakoe-TO U3
ATUX COOBITHI TPOU30UIET 00s3aTEIBHO, TO

> py=1,j=1.2,....m. (2.3)
1
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HecmoTpst Ha TO, YTO CyMMHUPOBAHME 3alIMCAHO MO BCEM M sYeMKaMm, B
paccMaTpuBaeMON MOJICNIM claraeMbIX He Oosibine Tpex. OJHako 3TO yc-
JoBUE HeoOs3aTenpbHO. Hampumep, e€ciaum perucTpupoBaTh IOJOKEHHUE
MaTpoca 4depe3 BABOE OOJbIIMN MPOMEXKYTOK BPEMEHH, YeM TpeOyeTcs
JUISL OJTHOTO II1ara, MosIBATCS BEPOSITHOCTH MEPEXO0JIa YEPE3 OJIHY SUYCUKY,
TO €CTh UX MOKET OKA3aThCA IATb.

KpoMe Toro, mo onpeneneHuto 3T BEPOSITHOCTH JOJKHBI YAOBIETBOPSATH
YCIIOBUSIM

0<p;i<I. (2.4)

Wcnonb3ys 3TH BEpOSTHOCTH, JIETKO ONMUCATh OallaHC MPUX0/1a-yXoa Mat-
POCOB B KaXI0# suciike Ha K-M mepexoae. ITo MoKa3aHO B CUCTeMe Oa-
JAHCOBBIX ypaBHeHUi (2.5). X nmerye BOCOPUHUMATH, ONIEPUPYST YKUCIOM
MaTpOCOB B siueiKe (HE MOJICTICHHBIM Ha 00IIIee YUCIIO MATPOCOB B UTPE), a
BEPOSATHOCTH PACCMATPUBATh KaK JOJW INEPEMEIIAIOIINXCS MEXKIY SUYECH-
KaM{ MaTPOCOB OT WX YHCJa B sUeiike BO BpeMEHHOM coctossHanu K. Ha-
npumep, eciu B nepBoi sueiike 0bu10 200 MaTpocos, a Bo BTopoil 100 u
BEPOSITHOCTh OCTaThCA B nepBou paBHa 0,25, a npuiitu u3 Bropou — 0,5, TO
nocJje nepexoja B neppoit siueiike oyner 200-0,25+100-0,5=100 maTtpocos.

Ocranocy  Ilpumnuio Hwugero
B 1 u3 2 u3 3 U T.A.
A

A _
S11=p;, S, + pSy + 0S5 + 0S5 + 0S5k + 0S¢

k+1‘p2181 + p2252 + p2383 + 0S¢ + 0Ss<+ 0S¢«

Hquro punuio  Octanoce  Ilpumno Huuero
nu3 2 3 n3 4 U3 5 uT.0.
k+1_ k K R [/ k kK
Sg = 051 +P3Sy" + p3383 +P3Ss + 0Ss™ + 0Se (2.5)

Si= 0S* + 0S, + pusSs* + PasSs* + pasSs* + 0S6"
Ss'= 0S, + 0S, + 0S5+ PssSs* + PssSs- + 0Sg"

Sekt'= 0S¢ + 0S,F + 0S¢ + 0S5 + pgsSs* + 1S6"

DTy cUCTEMY PaBEHCTB YJI0OHO 3amucaTh B MAaTpUYHOU Popme
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S| [Py P O O 0 Ofst

S5t |Pa Pn P O 0 OS]

S;T|_| 0 Px Pm P 0 OfS; (26)
Syt 0 0 Pis Pau Pas Of|S;

Skt 0 0 0 ps Pss OffSs

_S'g”_ 0 0 0 0 pg 1 _S'g_

HJTH

s**=psX 2.7)

rae marpuia P — yxe 3Hakomasi HaM MaTpuIla NePEXOJHbIX BEPOATHOCTEM.
JlJ1s1 3amaun, ¢ KOTOPOM MbI Ha4aJld PACCMOTPEHHUE MPOIIECCA, 3Ta MaTpUILia
HUMEET BU]I

005 0 0 0 O
1 0 05 0 0 0
005 0 05 0 0

P= . 2
0 0 05 0 05 0 (&9)
0 0 0 05 0 O
0 0 0 0 051

Jl71s1 Toro yToOBI HAYATh PACUYEThl IO PEKYPPEHTHOMY MAaTPUUYHOMY PaBEH-
cTBY (2.6) unu (2.7), HeoOX0AUMO 3a7aTh HaYaJIbHBIM BEKTOP COCTOSHHS,
omnpeeNsieMbli YCIOBUSIMU 3aaud. Eciu B Hadalie MaTpoc HaXOJWIICS y
CTOMKH Oapa ¢ BEpOSTHOCTHIO 1, TO HAaYaIbHBIA BEKTOP UMEET BUJI

=[1 0 0 0 0 0], (2.9)

OO O O O O Bk
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rae uHaekc «T» o3HayaeT TpaHCIIOHUPOBAHWE BEKTOpA U MaTPUILHI (31€Ch
U Jlajiee OH UCIOJIb3YETCs JJIs MEHBIIEH «BBICOTB» (hOPMYIN).
[Ipumenenue paBeHcTBa (2.7) ¢ marpurieit (2.8) U HaYadbHBIM BEKTOPOM
cocTosiHus (2.9) yxe He TpeOyeT «3alycka» MHOKECTBa MaTPOCOB: 3BO-
JIOIMS BEPOSITHOCTEN €0 TMOJIOKEHUS MOJTHOCTHIO OMPENEISIETCS 3BOJIIO-
€N BEKTOPA COCTOSTHUSA s, [Ipumep MoenIMpoOBaHUs MPOLIECCAa MOKa3aH
Ha puc.2.5. Puc.2.5,a wimocTpupyeT MOJHYI0 KapTUHY Ipoliecca, Korjaa
BEKTOD COCTOSIHUS 3Bontouonupyer ot S’=[100000] k S*=[0 0000 1].
[IpaBma, mociegunee ¢hopMaabHO HACTYIAET JIMIIL ACUMITOTHUYECKUA TPHU
k—o0, HO TIpaKTHYECKHU Se® CTAHOBUTCS GIM3KOI K eIMHHLE yKe TpHU KO-
HEYHOM YHCJIE€ TIEPEXO0J0B. DBOJIIOLUS BEPOSITHOCTH 1IECTOro (yJaula) co-
CTOSTHUSI BUJIHA HAa TpEXMEpPHOM rpaduke puc.2.5,a, a TaK)Ke BbIHECEHA OT-
JEIbHO Ha puc.2.5,0, OTKyJla BUIHO, 4yTO yxke 3a 100 mepexo/ioB BeposT-
HOCTbh HallTU MaTpoca B Oape OJin3Ka K HYJIIO.

I'paduk Ha puc.2.5,a MokKa3pIBaeT, KAKOBA BEPOSITHOCTh TOT'0, YTO MaTpPOC
BBUICTUT 3a JIBepb nocie K wazos. IlpeacraBiseTr HHTEpeC BBISCHUTD, Ka-
KOBa BEPOSTHOCTh BBUICTETh Ha K-m wace. MoXHO 3apaHee CKa3aTh, YTO
3Ta BEPOSITHOCTh OyJIeT UMETh MAaKCUMYM MO 4KCTy maro. OHa paBHa Be-
POSITHOCTH MSITOTO COCTOSIHUSI, YMHOKEHHON Ha BEPOSITHOCTH BBIXOJA M3
Hero 3a JaBeph (B HamieM ciaydae — 0,5). BHayane B MATOM COCTOSSHUU «Ma-
JIO MaTpPOCOB», MMOTOMY YTO OHHM €III€ HE JIOULIA IO JIBEpPH, a MOTOM TaM
«MaJjo MaTpocoB» BOOOIIE, TOTOMY YTO MHOTHE yX€ MOKUHYIHU Oap. Oue-
BHUJIHO, YTO 3Ty BEPOSTHOCTh MOXKHO pacCUUTaTh 1Mo (popmysiam

Ok=Ss Pes=Se" - Sg*. (2.10)

I'paduk 3TOM 3aBHCHMOCTH IOKa3aH Ha puc.2.5,B. OHa Ha3pIBaeTcs aud-
dbepennranpHoii rucTorpaMmmoii Beixoaa (x(K) B oTianume ot KymyJIsSITHB-
HOM (MHTerpanbHoi) rucrorpaMmmbl Bbixojga Qy(K), moka3zaHHOH Ha

o) k
puc.2.5,6. O4eBuaHO, 4T0 » q,=1 1 Q,=) 0, (IpomyMaiiTe 3TU GOPMYIIBI).
1 1

CKOJIBKO K€ IIaroB B CPEIHEM CJejacT MaTpoc J0 TOTO, KaK BBUICTUT W3
0apa? I'mcrorpamma Qy(k) — muckperHoe pacrpenencHie BEPOSTHOCTH
BBIJICTA 10 YMCITY CCTaHHBIX maroB. ClieI0BaTENIbHO, CPEIHEE YUCIIO IIIa-
TOB JIO BBUJIETA — ATO MaTEMaTHYECKOE OKUIAHUE JIJISl ATOTO pacipeere-
HHS

<k>=3 kg, . (2.11)
1
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Puc.2.5. DBosmolus cOCTOSIHUSA Tpoliecca cydaHbIX Oy>KJaHuii MaTpoca (Ha OCHO-
Be 1Ieny MapkoBa): a — 3BOJIOIMS BEKTOpPA COCTOSIHUS; O — BIMSHUE YKCTIa [11aroB Ha
BEPOSATHOCTH BBIXOJIa; B — BEPOSATHOCTDH BBIXOJA HA 11are B 3aBUCMMOCTH OT HOMEpa
niara

Ha puc.2.5,B 3T0 cpeliHEE YUCIIO 1IaroB HAHECEHO BEPTUKAJIBHOUN JIMHUEH
Y COCTAaBJISIET OKOJIO 22.

Komnberorepras nporpamma MCh3 mo3BosuT BaM BBITOJIHATE MOJICTHPO-
BaHME ATOTO MPOIECCa U OLICHUTh BIUSIHUE €T0 MapaMeTpOB Ha HCCienye-
MBbIE€ paclpeeeHUs U UX XapaKTEepPUCTUKU. JTa MporpaMma Mnpeanoiara-
€T OJJMHAKOBYIO BEPOSTHOCTH IlIara BIpaBo U BjeBo (d=0,5), HO momyckaer
U BBeJICHHE BeposATHOCTH ocTaThes (d<0,5). ITonmpoOyliTe caMOCTOSTEIBHO
3anycaTh MaTpUIy MEPEXOIHBIX BEPOSATHOCTEN ISl TPE3BOTO MOCETUTENS
Oapa, JKeNarmiero NOKMHYTh 0ap OT CTOMKHU, U 00 lyMaiiTe XapakTEepUCTH-
KM 3TOT0 Mpolecca.
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KoHneuHo, paccMOTpEeHHBIE MOJIENIH MTPEAHA3HAYEHBI HE JUIST MCCIICTOBAHUS
MOBEJICHUS MbsIHBIX MaTPOCOB. DTO BECENBIM U HAIISAHBINA 00pa3 MHOTUX
3a7a4 TEOPHM CIyYalHBIX MPOIECCOB (B YaCTHOCTH, paccMaTpHUBaeMOM
HaMu TeopuH 1ierneit MapkoBa), CTAaTUCTUUECKONW (DU3UKHU U APYTHX OTpac-
ned 3HaHus. Hampumep, IBHXKEHUS MaTpoca OYEHb HAIOMHUHAIOT Opo-
YHOBCKO€ JIBI>KEHHE U Iu(dPy3u0 YacTHll, ONMHCAaHUE KOTOPOM C MOMO-
b0 TEOPUHU 1enied MapKoBa IIPUBEAECHO HUKE.

2.2. OnnomepHast 1u¢¢y3usi. Buabl u BiausiHue KpaeBbIX YCJIOBH

B nHaunbomnee mpoctom omnpeneneHun 1uddys3us — 3TO B3aUMHOE MPOHUK-
HOBEHHE YACTHUII ABYX WJIM HECKOJBKHUX BeliecTB. Yalie Bcero peds UaeT o
MOJEKYJIApHOU AU Py3un, KOrjia 3TH YaCTUIBI — MOJIEKYIbl TuddyHIM-
pytomux kKoMnoHeHTOB. [Ipounecc muddy3um nerko HaOI0AaTh, €CIH B
MPO3pavyHOe TOPU3OHTAIBLHOE KOPBITIIE C BOJOM KaMHYTh KAIUTKO YEPHUI

‘ Karus (puc.2.6). Baavane kamisi Joka-

BCIIICCTBA JIU30BaHa B MECTC IIaJACHUA, U €C

| || | IBET PE3KO OTIMYAETCSA OT I[BETa
HauanpHpiii MOMEHT. BeliecTBo JI0KaIM30BaHO Oprncanmeﬁ YKUIKOCTH. KoHn-
| _ | HCHTpanuA 4CpHUII B 9TOM MCCTC

Bpewms nonuto. BemectBo nuddynnupyer

MakcumainbHa. Ho noBenenue
HEE

MOJIEKYJT YEpHHJI OYEHb HAIOMH-
[Iponomxkenne nuddysun

| | HAaeT IOBEJCHHUE IIbJHOr0 Marpo-
ca: JBUTasCh CIydailHbIM 0Opa-
30M BJIEBO M BIIPABO, OHHU IIPO-
JIBUTAIOTCS B 30HY, T'JI€ UX KOH-
IeHTpalusl MeHbIle. [locTeneHHo Kpas Karjid pa3MbIBAIOTCA, a KUJIKOCTh
B IIpUJIETaloNIeil 30He TeMHEET. ACUMIITOTUYECKH BCS KUJKOCTh OKpallu-
BaeTCsl B paBHOMEPHBIN 1IBET, CBETJIEE, YEM KaIlisi, HO TEMHEe, YeM Boja:
KOHIICHTpALIMs YEPHUIT PAaBHOMEPHO pacrpeiesieHa Mo JJIMHE KOPHITILA.
He nano nymars, yto Teopust AudPpy3un 3aHUMAETCSI TOIBKO paccMaTpu-
BaHMEM YepHMI B KopbITie. JudPpy3noHHBIE TPOIIECCH UTPAIOT BaKHEH-
Y10 pOJib B (DU3HUKE, XUMUU, SKOHOMHUKE, COIUAIBHBIX TpoIleccax U ApY-
TUX OTPACIISIX 3HAHMUS.
OcHoBoit Teopunt UG Py3un CIyKUT SIMIUpUUIeckuii 3akoH duka

BemectBo pacnpeaciiniIioCb PABHOMECPHO

Puc.2.6. Ummtoctpanus nponecca nuddy3nu

Ac
=-D—, 2.12
o A (2.12)
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rae (g — IJIOTHOCTh MOTOKA Macchl UG yHIUPYIONIETO BEIIECTBA, Kr/m°c;
AC — pa3HOCTb €ro KOHIIEHTpauuu Ha pacctosHuu AX; D — koadpdunmeHt
IPOMOPIMUOHATBLHOCTH, Ha3biBaeMbli KO3 duimentom nuddysuu, Me/c.
DTOT 3aKOH MOKa3bIBaeT, uTo AU y3ust Bceraa UAeT B CTOPOHY YOBIBAHUS
KOHLICHTPALIMH, a IOTOK MACChl TeM OOJIbIIE, YEM CHIIbHEE OHA YOBIBAET.
W3 storo 3akoHa MOXHO BhIBeCTH AuddepeHimaibHoe ypaBHeHUE AuQ-
¢Gy3un (BBIBOJI MbI OITyCKaeM), KOTOPOE UMEET BU/I

2
%=D8—2 (2.13)
t  OX

Y OMHCBHIBAET 3BOJIIOIHUIO paCpe/IeICHUsT KOHIICHTPALMM BEIIECTBA C Te-
YeHUEeM BpeMeHU. JTo nuddepeHnaIbHOE YPAaBHEHHUE B YACTHBIX MTPOU3-
BOJIHBIX Mapabosmnueckoro tumna. [lomyueHne u aHaau3 €ro perieHui pac-
CMaTpHUBAIOTCS B pa3jielic MAaTeMaTUKU «YpaBHEHUS] MaTeMaTUYeCKol (u-
3UKW». JTO YpaBHEHUE UMEET U BEPOSITHOCTHYIO TPAaKTOBKY. Ecim moje-
JUTh KOHIIEHTPAIMIO Ha TIOJIHYI0 MAacCy BEIIEeCTBA, TO MOJYUYUTCS €ro OT-
HOCHUTEJIbHAsI KOHIIEHTpAIsl, a IPU OJMHAKOBON Macce MOJIEKYJ — UX OT-
HocHTenbHOEe unciio. Torma C(X,t) mpumoOpeTaeT CMBICT MEHSIOIICHCS CO
BPEMEHEM IUIOTHOCTH BEPOSTHOCTH pacipeeacHus MoIeKya AudpyHau-
pytoiiero BemiectBa. [Iponecchl, onuchiBaeMble 3TUM YpaBHEHUEM, OTHO-
CATCS K MApKOBCKMM IIPOIIECCaM, HEMPEPBHIBHBIM B IMPOCTPAHCTBE U BO
BpemeHu. Kak u panee, 371eCh IJ1aBHOE TO, YTO MEPEXO0] K OYIyIIeMy MO-
MeHTY BpemeHH t+dt Tpedyer mHpOpMaUK TOIBKO O HACMOsUem COCTOS-
HUM rnporiecca C(X,{) 1 HUKaK HE 3aBUCUT OT €T0 NPOouULlo20 COCTOSHUS, TO
€CTh MPOIIECC HE COXPAHSET MaMAITH O MPOIUIBIX COCTOSHUSIX.
[TonpiTaeMcsi OCTpOUTh MOJieNb TUGPYy3MOHHOTO Tpollecca Ha OCHOBE
nenu MapkoBa, UCITOIb30BABIICHCS JJIsI ONTMCAHUS BOIIOLMU MOJIOXKEHUS
nbstHOTO Matpoca. Ecnu paHee 3ToT mporiecc ObLT 3aBEIOMO JUCKPETHBIM
B MPOCTPAHCTBE (MBI HABSI3AJIM MATPOCY MEpEMENaThCs Ha OJUH OJIMHAKO-
BBIM 1m1ar), To Npu AUDPY3UH YEPHWIT B KOPBITIE 3Ty IUCKPETHU3AIIUIO
NpUAETCS ClieslaTh MCKYCCTBEHHO, pa3OMB JJIMHY KOPBITIIA Ha M sueek
mrHOM AX=L/m, rae L — qnuHa xopeitia. Onsate OyaeM (pUKCHpOBATh CO-
CTOSTHHE Tpoliecca Yepe3 Majible, HO KOHEUHbIE TTPOMEKYTKH BpeMeHH At,
B T€YEHHUE KOTOPHIX YEPHMIIA YCIIEBAIOT MPOHUKHYTHh TOJBKO B COCEIHION0
sUeliKy, HO He jajiee. Torma Ttekymee Bpems onpenenurcs kak t=(K-1)At,
rae K — HoMep BpEMEHHOr0 mepexojia, KOTOPhIH MOXET pacCMaTpPHUBATHCS
KaK JTUCKPETHBIN aHAJIOT BPEMEHHU.

Oo6patumcs cHoBa K puc.2.4. ITycTs stueiiku 1...5 mpuHamiekar KOphITILY,
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J€BBIN Kpaid KOPBITUA 3aKPBIT 1 TUPOYHAUPYIOMIETO BEIIECTBA MOJIHO-
CTBIO, a YEPE3 MpaBbIi Kpail YepHUJIa MOTYT IPOHUKATh B HEKOTOPHINA 00b-
eM 6, IpUYeM YCIIOBHS MPOHUKHOBEHUS MBI MOYKEM PErYJIHPOBAaTh JIBEP-
nen. Hanmpumep, eciim nBepua 3akpbiTa, TO YEPHUJIA 3aIIEPTHI B KOPBITLE €
o0enx cTopoH U AU(PQPy3Us MPOUCXOAUT B YCIOBUSAX, MNPUHATBIX Ha
puc.2.6.
Htak, B KaKI01 TPOMEKYTOUHOU STUEHKE 3a BpeMsda nepexona At Moleky-
JIbl YEPHWJI MOTYT IIONIACTh B COCEIHUE STYECUKHU CIIPaBa U CIEBA U OCTATHCS
B JJaHHOM siuelike. B 001iem ciryyae BEpOSTHOCTHU MEPENUTH BJIEBO U BIIPABO
HE paBHBI APYr ApYyry. Mbl 00CyX1ajii 3TOT BOIPOC B Ciiyyae Oy KIaHUS
MaTpoca, CChLIasACh, HAPUMEP, HA HAKJIOHHBIN B CTOPOHY ABEpH Mo Oa-
pa. Takoil xe «HaKJIOH» MOXXET UMETh MECTO U B AU (Py3uu dacTull npu
NEUCTBUM HAa HHUX HEKOTOPOrO CHUJIOBOTO MoJjsi (Hampumep, auddyzus
3JIEKTPOHOB B 3JIEKTPOCTATUYECKOM ITOJIE).

Ha puc.2.7 BblgeneHa sueiika c

P2=1-2d-v HOMEPOM 2 Y MOKAa3aHbl CBSI3aHHBIC
Paz=d+v C Hel IepexomHble BEPOSATHOCTH.
= », [lycTh BEpOSTHOCTH IIEPEHUTH BIIpa-

_&( ‘\; BO OOJIbIIIC, YeM BEPOSTHOCThH IIe-

p1,=d 2 peiiti BieBo. O003HAYNUM BEPOST-
HOCTh TepedTH BIeBO OykBoii d.

—t Torma  BEpOATHOCTb  IMEPEUTHU
BIIPABO MOXET OBITh MPEJCTaBIICHA

Puc.2.7. Bolienenue CMMMETPHYHOM KaKk cymMMa BeposiTHocTH O m J0-
COCTABIISIONIEH BEPOATHOCTEH [IOJIHUTEJILHOTO CJIAraeMoro V, oIl-
epexona PEACSIONIETO HECUMMETPHUIO TIPO-

necca. IIpu v=0 mporecc craHo-
BUTCSI OJIHOCTHIO CUMMETPUYHBIM U Ha3bIBAETCSA YUCTON AU Dy3uelt; mpu
v#0 mporiecc HecUMMeTpuueH, a AU(@dy3usi Ha3bIBAETCI KOHBEKTHUBHOM,
WIN BBIHYKJIEHHON. OUEeBUIHO, YTO BEPOSITHOCTh OCTAThCA B STYEHKE OII-
pPENEIUTCA KaK pa3HOCTb MEXAY €AUHUIEU U IBYMs BEPOSATHOCTAMH BbI-
xoza.
Beenem enie oaHy XapakTepUCTUKY IIpolecca — BEPOSTHOCTh Vi BBIXOJA B
TeueHue At U3 mocienHen S4euKu B STYEHUKY 6, KOTOpas HE MPUHAIJICKUT
KOPBITIYY M Ha3bIBaeTCs moromaroiiei. Onpenenns TakuMm o0pa3oM Bce
IIEPEXOIHBIE BEPOATHOCTH, JIETKO II0 OIMCAHHBIM BBILIE MPABUIIAM I10-
CTPOUTH MATPHUILLy IEPEXOIHBIX BEPOATHOCTEN, KOTOpasi UMEET BUJ
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[1-d-v d 0 0
d+v 1-2d-v d 0
0 d+v  1-2d-v d
d+v  1-2d-v d
0 d+v  1-d-v;
0 0 V;

o O O

(2.14)

R O O O O O

0
0
0

o O O

[TomoxuB V=0, Mbl HaBcerJa 3aKpOEM «JIBEPbh Ha YIHIy», U Macca
BIIPBHICHYTHIX B KOPBITIIE YePHUJI OyJET OCTaBaTbCs MOCTOsAHHOW. Eciu
IpU 3TOM MOJOXKUTh U V=0, TO MOJYYUTCA MOJIENIb YUCTON AudPy3un Ha
OTPE3KE C 3aKPBITBIMU KPasIMU, KOTOPast OMUCHIBACTCSI MATPULIEH

1-d d 0 0 0 0
d 12d d 0 0 0
0 d 12d d 0 0

P= 2.1
0 0 d 12d d 0 (215)
0 0 0 d 1d 0
0 0 0 0 o0 1]

r7ie MOTJIONIAI0IIee COCTOAHUE (siueiika 6) cTajo HEJOCTUKUMBIM, TaK KaK
BEPOSITHOCTH NIEPEX0/Ia B HETO PaBHA HYJIIO.

Ha pwuc.2.8 mokazana 3BOJIIOLMSA COACPAKAHUSA OTHOCHUTEIBHOTO COAEpIKa-
HUS YEPHWI B sUCHKaX, pacCUYMTaHHAS 10 MAaTPUYHOMY paBeHCTBY (2.7),
KOrJla MEPBOHAYAIBHO €IWHUYHAS TOPILUS YEPHWI BIPBICHYTA B IICH-
TpaJdbHYIO siueiiKy 5. JIeBbIil rpauk OTHOCUTCS K MIPOLECCY YUCTON aud-
by3un. ACUMITOTHYECKOE pacipeeeHue YepHUI M0 siYeiikaM KOpPBITIa
OKa3bIBACTCS, KaK U 0XKHUJAJIO0Ch, pABHOMEPHBIM. MOKHO J0Ka3aTh (IIpe/-
jJaraeM nomnpoOoBaTh 3TO CAEIaTh CAMUM), YTO ACUMIITOTUYECKOE pacIpe-
neneHre OyJeT paBHOMEPHBIM MPHU JIFO00M MEepexXoHOW MATPHUIIE, Y KOTO-
POl cyMMa 3JIEMEHTOB B KaXKJOW CTPOKE paBHA €IWHUIIE, KaK U €CTh B
matpuiie (2.15).

CopaBa mokas3aHa 3BOJIFOLHS COACP>KAHUS YEPHWI MPHU HAUINYUU KOHBEK-
TUBHOI'O TEPEHOCAa BIPABO. ACHUMIITOTHYECKOE PACIPEICIICHUE YXKE He-
PaBHOMEPHO U CMEIIEHO B Ty CTOPOHY, B KOTOPYHK ACHCTBYET BBIHYXK-
Jaronas Cuia.
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Puc.2.8. DBomonus conepkanus nudGyHIUPYIONIETO BEIECTBAa HA OTPE3KE C
3aKpBITHIMH I'paHHUIIaMu (KpaeBble ycaoBus Broporo poza, d=0,3; a) v=0; 6) v=0,1)

ACHUMIITOTUYECKOE PACTIPE/ICICHUE MOXKHO MOJIYYUTh HEMOCPEICTBEHHO
U3 MAaTpUIlbl IEPEXOAHBIX BEPOATHOCTEH, MUHYSI PEKYPPEHTHBIE PaCUEThl
o popmyre (2.7). JleHcTBUTEIBHO, €CJIM HACTYIIUIIO CTAI[MOHAPHOE aCHM-
NTOTUYECKOE pacipenenenue S*, T0 CIeAyIOIui nepexo] HUUEro He H3-
MEHUT, TO ecThb S“=PS”. 13 sT0ro ciuexyer, 4ro BeKTOp S™ ABIAETCSA OJ-
HUM M3 COOCTBEHHBIX BEKTOPOB MAaTpuilbl P, COOTBETCTBYIOIINM COOCT-
BEHHOMY YHCIY A, paBHOMY euHHUIlEe (00513aTeIbHO BCIOMHUTE, YTO TAKOE
COOCTBEHHBIC YMCJIa U COOCTBEHHBIE BEKTOPHI MaTpulibl). OUEBUIHO, YTO
ACUMIITOTHYECKOE paclpeieenre S 3aBUCHT TOJBKO OT Marpuibl P u
HUKaK HE 3aBUCUT OT Ha4aJIbHOTO pactpenenenus. Ho Tak U 101KHO ObITh
B MapKOBCKOM IIPOIECCE, KOTOPHIA «HE MOMHHTY» CBOUX MPOILIBIX CO-
ctosiHuii. COOCTBEHHBIE BEKTOPHI JIFOOOW MATPUIIBI HAXOMSTCS B CpPEAC
MATLAB BrinosiHeHueM oaHOM KoMaHAbl. OTKy/la U3BECTHO, YTO CpeU
COOCTBEHHBIX YHMCEJ MaTpHIlbl momnajeTca eauuuna? be3 mokazaTeiabcTBa
IPUMEM, YTO €CJIH MaTpHUIla YIAOBIETBOpseT yciaoBusiM (2.3), (2.4), To 310
CIIy4duTCs 00s13aTeNIbHO. MaTtpuiia KOHBEKTUBHON b Py3uH, 10 KOTOPOH
ObLT MOoCTpoeH rpaduk puc.2.8,a, U €e COOCTBEHHBIM BEKTOP, COOTBETCT-
BYIOIIMN A=1 U maromuii aCHMOTOTHYECKOE pachpeieeHne, COOTBETCT-
BEHHO PaBHBI
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(06 003 0 O O O] 10,1037 |
0,4 003 0,3 0 O O 0,1383
0O 04 03 03 0 O 0,1844

0

0

1_

, ¥ = 2.1
o 0 04 03 03 > 0,2458 (2.10)
o 0 0 04 0,7

0,3278
o 0 0O 0 O 0

MpUYEM NPAKTUUYECKH OJIM3KOE K ACUMIITOTUYECKOMY paclpe/iesieHUue J10C-
TUTAeTCA yke 3a 11 nmepexonos.

Jlo cux mop Mbl BeiOUpanu At u AX (Wim M), HE OIJISABIBASCH HA KaKue-
mbo orpanmyeHus. Ecioum onepupoBath BenmmumHamu d u V (MaTpwuia
(2.14)), TO 1maru MPOCTPAaHCTBEHHON M BPEMEHHOH JHMCKPETH3aIluu IpPO-
1ecca BoooOIe He gurypupytor. Ho peanbHas nuddy3us 3aBUCUT OT «Ha-
crosiux» kodpduuuenta nubdysun D u ckopoctu npeiida V. MoxHO
NoKa3aTh, 4To Oe3pa3MepHbie d U V cBs3aHbI ¢ pa3MepHbiMUA D 1 V cooT-
HOIIICHUSMU

dzDZ%%, (2.17); \ﬁﬂ/ﬁ%. (2.18)

C npyroii CTOpOHBI, BEMYUHBI 0 B V JTOJDKHBI YAOBICTBOPATH YCIOBHIO
(2.4), ©3 KOTOPOTO CIIEIYET, YTO

1-2d - v >0. (2.19)

B wactHoCTH, ipr V=0 10JDKHO BBIMOIHATHCS ycinoBue d<0,5. IlenHas mMo-
nenb nud@dy3un COOTBETCTBYET SIBHOW Pa3sHOCTHOM CXEME YHCICHHOTO
pemienust ypaBHeHus: (2.13), koTopoe TeMm OJMke K TOYHOMY PEIICHHIO,
yeM MeHble At u AX. OgHako, yMeHbIIass AX, Mbl CTaJIKMBAEMCS C JBYMS
npobsiemaMu. Bo-MepBhIX, pacTeT pasMepHOCTb MaTpuilbl P, MOCKOJIBbKY
IpU 3aJaHHOM JyTMHE KOopbITiia M=L/AX. PaHO niu mo31H0 3TO MOXKET CKa-
3aThCSI HA MPOJOJKUTEIIBHOCTHA OINEPaldil ¢ MAaTPUYHBIMUA PABEHCTBAMMU.
Bo-BTophIX, ¢ yMeHbIIeHHEM AX Bo3pactaroT BenuuuHbl d u V (d — Oosnee,
a V — MEHEEe PE3K0), KOTOPhIE HE JIOJIKHBI BEIXOJAUTH 32 MIPEJEIbl, TApaHTH-
pytoiue BeinoaHeHue ycioBus (2.19). CkoMneHCHpoBaTh X POCT MOXKHO,
yMeHbIasi At, 4TO CTAHOBHUTCS HE TOJIBKO KEJIATEIbHBIM C TOUKU 3PCHUS
TOYHOCTH, HO U He0OXoaumbIM. OIHaKO mpu MajgoM At, 1y TOro 4ToObl
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no0patbesl 10 peaIbHOrO BPEMEHU OKOHYAHMS Ipoliecca, TpeOyeTcs Bce
OOJpLIEE YMCIIO MEPEXO0B, TO €CTh OIMATh BO3PACTAET MPOAOJIKUTEIb-
HOCTh pacueToB. Mbl He OyaeM 34ech paccMaTpUBaTh MaTEMaTHUYECKUE
acmeKThl 3TOro npotuBopeund. [loka 10CTaTOYHO TOrO, YTO BBl 3HAETE O
CYILIECTBOBaHMUU NPOOJEeMBI. JJ0CTaTOYHO YacTO €€ pemaroT CIeAYIOIINM
MaTEMaTHYE€CKHU HECTPOTUM CIocoOoM: yMeHbInatoT At u AX 1o Tex mop,
NOKa UX JaJbHENIIee YMEHbBIICHUE HE MEPECTAaET CKa3bIBaThCA C 3aJaHHOM
TOYHOCTHIO HA PACCUMTHIBAEMBIX XapAaKTEPUCTUKAX IBOIIOLNH MPOLECCa.
Jlo cux mop (B 4acCTHOCTH, Ha pucC.2.8) MBI pacCMaTpPUBAIN DBOJIIOIIUIO
pacrpeaeseHusl YEpHUI B 3aKPBITOM ¢ 00OMX TOPLOB KOPBITLE, TO €CTh UX
MOTOK Yepe3 TPaHUllbl OTPE3Ka, Ha KOTOPOM MPOUCXOoauT Auddy3usi, ObLI
3aBEIOMO paBeH Hyt0. Takoe ycClIOBHE Ha Kpar OTpe3Ka Ha3bIBaeTCs
Kpaegvim ycaosuem emopozo pooa. Ecau Ha 000uX Kpasx OTpe3Ka 3a/1aHbl
KpaeBbl€ YCIOBUSA BTOPOrO poJa, TO MOJIHAs Macca TUPPYHAUPYIOLIETO
BEIIIECTBA Ha OTPE3KE COXPaHSACTCS, a MPHU YHUCTOM (HEKOHBEKTHBHOW)
mu(pPy3un aCHMOTOTHYECKOE PACTIPEICTICHUE ABJISIETCS PABHOMEPHBIM.
Teneps caemnaem npaByro ABEPIYy KOPBITLA MTPOHUIIAEMOMN ISl YEPHUI, TO
€CTh pa3peIIMM UM BBIXOJI B MOTJIOMIAOIIYIO sueiiky 6. Ecin ee eMKOCTh
Oe3rpaHuyHa, TO KakUM Obl HM ObUIO HayajJbHOE pacHpeleiCHUE YEPHUI
PaHO WJIM MO3/IHO OHM BCE MOKUHYT KOPBITLIE U BOJAA B HEM BHOBb CTAHET
npo3padyHoid. st Toro 4ToObl OTKPHITH ABEPILY, JOCTATOYHO B MaTPHUIE
(2.14) nonoxute V0. C Toukm 3peHUs ycioBus (2.4) camoe OOJbIIoe J10-
yCTUMOE OTKPBITHE JBEPIIHI cOOTBETCTBYET V=1 — d. OHaKo MOXKHO T10-
CTaBUTH 00JIE€ «OTKPHITOE» YCIOBHUE: BCE YACTHUIIbI, MTOMABIINE B MOCIE/I-
HIOIO SYEMKY KOPBITLIA, HEMEIJEHHO MOKUJAIT €€, yXOAsi B MOTJIOIIAK0-
Iyt A4deriky. O4eBHUIIHO, YTO MPU TAKOM YCIOBUU Sm'=0 npu modom K.
DTO caMoe «OTKPBITOE» YCIOBUE HE MOXKET ObITh BIIMCAHO B MaTpuily P u
JOJDKHO 3a/1aBaThCA OTAENBHO Ha KaxkaoM nepexoje. OHO Ha3bIBaeTCs
Kpaesvim ycroguem nepgoco poda. Eciu mMOTOK 4acTull Yepe3 ABEpIly CUu-
TaeTCA MPOMOPIUOHAIBLHBIM KOHIEHTPAIMK YacTHI] Mepe]] He, TO Takoe
YCIIOBHE Ha3bIBAETCS KPAEBbIM YCA08UEM mpembe2o poda. B 1enHoi mMo-
JIEI OHO peain3yeTcsl Yepe3 BBEIACHUE BEJIMUUHBI V¢, KOTOPasl IO CYILECT-
BY sIBJIAE€TCS KOO PUIIMEHTOM ATON MPONOPIUOHATBHOCTH.

Ha pnc.2.9,2.10 nmoka3zana 3BOJIIOLMSL COJICP/KAHUSA YEPHUI B LIENU C OT-
KpbITOM TipaBoi rpanuneid. Puc.2.9 orHocurcs k uuctot guddysuun. Jle-
BbIi rpaUK OTHOCUTCA K MPaBOMY KpacBOMY YCJIOBHIO IEPBOrO Poja.
Buano, uto 3a 50 nmepexoaoB mpolecc enie JaleK OT aCUMOTOTHYECKOTO
COCTOSIHUS: B MOTJIOMIAOIIYIO 4eiiKky 6 BbIIUIO 0KoJio 80 % yepHuU, TO-
raa kak B npeaene gopkHO BBIATH 100 %. ChpaBa mokasaHa 3BOJTOLUS
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mpoliecca Mpy MpaBoM KPaeBOM YCIIOBUU TPETHETO pojia. 3A€Ch YaCTHUILIbI
MOKHUJAIOT paboune ssYehHKu MeJICHHee, 4YeM cIipaBa (KCTaTH, MonpooyiTe
POBEPUTH, KAKOW COOCTBEHHBIN BEKTOP At A=1 OylleT y 3TOI MaTpHUIIbl).

USSR NS B DT e

Puc.2.9. OBomtornus coaepxkanust 1udPyHAUPYIOIIETO BEIIECTBA HA OTPE3KE
C OTKpBITOM TpaBoii rpanuiei npu d=0,3; v=0:
a — KpaeBbI€ YCIOBHS MIEPBOT0 poja; O — KpaeBble YCIOBUS TpeThero poaa, Vi=0,5

05). i1

Puc.2.10. 3Bomtonus coaepkanus qudPyHIUPYIONIETO BEIECTBA HA OTPE3KE
C OTKpPBITOM mpaBoii rpanuiei npu d=0,3; v=0,2:
a — KpaeBbIe YCIOBUS IIEPBOTO poaa; O — KpaeBble YCIOBUS TpeThero poxaa, Vi=0,5
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Puc.2.10 otHOCUTCS K KOHBEKTHMBHOM IHGPY3UU CO CKOPOCTBIO OCpE-
HEHHOI'0O JIBUXKEHUS, HAIPABJIEHHOMN BIIPaBO. ECTECTBEHHO, UTO 34€Ch MPO-
IIECC BBIXOJIa YEPHUI IPOUCXOAUT OBICTPEE, YEM Ha MPEAbIIYIIEM PUCYH-
K€, TOCKOJIbKY HECUMMETPUYHAsI COCTABIISIOIIAsl BEPOATHOCTH Iepexona V
«TIOMOTAET» YEPHUIIAM JBUTaThCsl B CTOPOHY OTKPBITOW IPaHULIBI.
Wcnons3ys nporpammy MCh4, Bel MokeTe caMOCTOSATEIBHO MOJCIHPO-
BaTh pa3JIMYHbIC BAPUAHTHI MPOTEKAHUS AUP(PY3UOHHOTO TpoIecca U Uc-
CJIEIOBATh BIIMSIHUE €T0 apaMeTPOB Ha CKOPOCTh U OCOOEHHOCTH 3BOJIIO-
uu coaepxkanust nuoyHaupyromnero semectsa. B 3Toil mporpamme Jie-
Basl TPAHMLA LIENU BCE BPEMs 3aKphITA, a XapPAKTEPOM IPABOM TI'DPAHULIBI
MO@HO MaHMIyJIMPOBaTb. MBI PEKOMEHIAYEM BaM CaMOCTOSTEIBHO MO-
JIEPHU3UPOBATH MIPOTPAMMY TakK, YTOOBI 00€ TPAHUIIBI MOTJIA MEHATH CBOU
CBOWCTBA.

2.3. Juddy3usi ¢ MICTOYHUKAMHA HJIH MPOLECC ¢ MOPOKIEHUEM YACTHII

Brimie Mb1 paccMOTpENN 3BOIIOUIO COJIEPKaHNUSI MTHOBEHHO BIPBICHYTOU
B OJIHY W3 S4YEEK KOPBITIA €AMHUYHON MOPUUHU YEpHUI (KCTaTH, OTKYJa
CJeAyeT, yTo mopiusi Obuia equHU4YHOM?). IIyCcTh B OJHY M3 ATUX SYEEK
(HampuMep, B NEPBYIO) YEPHUIIA MOJAIOTCS TTOCTOSIHHO, TO €CTh HAa KaX-
JIOM TIEpEXO0JIE€ BIPBICKUBAETCA €lIE OJHA Mmopuus. B 3ToU siuelike mpouc-
XOJUT Kak Obl MOPOXKJACHUE YaCTHII, YYaCTBYIOIUX B AUDPy31H, MOSIBIS-
€TCs X MUCTOYHUK. B 0o0mieM ciryyae BIPBICK HE 00s13aH OBITh JTOKAJIU30-
BaH B MEPBOM SUCHKE: OH MOXKET OCYIIECTBISATHCS B JIIO0YIO (B TOM YHCIIE,
B pa3HbIC) SIUECHKY WK paclpesiesieH Mexay HUMU. BBenem B paccMoTpe-
HUE BEKTOP-CTOJOEI MCTOYHUKOB YaCTHI] S¢¥, uMerommii TaKkoil ke pas-
MEp, YTO M BEKTOpP COCTOSIHHS S, TJIe BEPXHHI MHICKC K IMOKa3bIBaeT, 4TO
OH MOXET MEHATBHCA OT Iepexona K nepexony. O4eBHUAHO, 4TO 3ajada ¢
HEOTPAaHUYEHHBIM HEMPEPHIBHBIM MOPOKICHUEM YACTHUI] B LIEMU C 3aKPbI-
THIMU TPAHUIIAMHU JIMIIIEHA CMBICIIA: DJIEMEHTHI BEKTOpPA COCTOSIHUS OYyIyT
HEOTPAaHUYEHHO BO3pACTaTh (UEpHUIA B KOPBITIIE MOJIBIOTCS Yepe3 Kpai).
[ToaTomMy Oynem paccMaTpuBaTh LIETh C OTKPBHITOM MTPaBOM IpaHUIIEH.

Jlist Toro 4yToOBl COCTaBUTH HBOIIOLIMOHHOE ypaBHEHHE 3TOTO Mpolecca,
JIOCTATOYHO TOCJE KaXJO0ro Iepexoia J00aBisTh K BEKTOPY COCTOSHHS
BEKTOp IMOJIa4H

k+1 k k
S 1=ps*+s*. (2.20)
[Ipy 3TOM ecTeCTBEHHO (XOTS W HE00S3aTeNBHO) MPEAINOI0XKUTh, UYTO B
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Hayaje mpolecca 1enb Oblia «IyCcTo» (B KOPBITIIE HE OBLIO YEPHUI), TO

€CTh HaYaJIbHBIN BEKTOP COCTOSIHUSA ObLIT HYJIEBBIM.

B npakTrke MoAETMpPOBaHUSI Yallle BCETO BCTPEUAIOTCS CJICAYIOITNE BUJIbI
k

Sf .

® OJIHOKpAaTHAasl UMITyJIbCHAs MMo1ada B 1-10 SUEHUKY
SF<=[1 0...0]" mpu k=1, S#=[0 0...0]" mpu k=1,2, ... (2.21)

DTOT ciydail ObUT PaCCMOTPEH BHINIE, KOT/Ia OJHOKPATHBIM WMITYJIbCHBIN
BBOJ| YCPHWJI 33/IaBAJICSI UE€PE3 HAYAJBbHBIN BEKTOP COCTOSAHUA. 31ECh BbI-
X0/l MaTepHuasia B MOIJIOLIAOIIYIO SYEUKY JAeT PaCIpPEAcICHUE BPEMEHU
npeObIBaHus YacTHIl AUG O YHIUPYIOIMEro BEeCTBa B enu (M. puc.2.5),
SIBIISIOIIEECS UCUEPIBIBAIOIIEH XapaKTEPUCTUKON OJJHOPOJHOM LENHU U 1O-
3BOJIAIOLIEE PACCUYUTATH BCE OCTAIIBHBIE CIIyYau IIOJauu MaTepuania;

® HElpephIBHAS MOCTOSIHHAS MO/1a4a B 1-10 STUEHKy

S =[1,0, ...,0]", mpu k=1,2,...,z, (2.22)

I€ Z MOXKET OBITh KOHEUHBIM WJIM CTPEMUTHCS K OCCKOHEUHOCTH. IDTOT
Cilydail COOTBETCTBYET MPOIIECCY YCTAHOBJICHUS 3alOJIHEHUS SYEeK -
GyHIUPYIOMUM BEIIECTBOM M MO3BOJIIET PACCUUTATh 3aMOJIHEHUE KOPHIT-
112 ¥ OTJEJIBHBIX €r0 AYEEK B MIEPEXOTHOM U YCTAHOBUBIIEMCS PEKUMAX;

® riepeMeHHas nojayda B 1-10 siueliky (Hanmpumep, MOCTOSIHHASL C HAJIOKEH-
HOM Ha HEE MEPEMEHHOU COCTABJISIONIEH )

S¢#=[Sn(k),0.,...,0]" npu k=1,2,...,z. (2.23)

B sTom ciaydae moTok nudp@yHAMPYIONIEro BEHIECTBA B MOTJIOMIAIOIIYIO
SUCHKY Takke OyJIeT MepeMEHHBIM, U pacueT MO3BOJISET CPAaBHUTH Xapak-
TEPUCTUKU MMEPEMEHHBIX COCTABJISIONINX Ha BXOJI€ U BBIXOJE.

Ha puc.2.11 noka3ansl napsl rpauKoB MMOJIa4u B IIEPBYIO SUYEUKY U BBIXO-
Jla U3 MATOM JJIsl TPEX PACCMOTPEHHBIX BBINIE CiIydaeB nojadn. [[ns mepe-
MEHHOM MOa4M MCIOIb30BaHa CUHYCOUAANbHAS (PyHKITUS

2n K), (2.24)

SK =1+ A.sin
f1 f (Kf

rae Af — aMIUIMTy1a IEPEMEHHOM cocTaBiAmomIei; Ky — ee mepuo, Bbipa-
*eHHbIN yepe3 uncio nepexonoB (A=0,2; K=60). Ha pucynke BBeaeHbBI
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0003HaUYEHUS moJJa4v U BbIXOJ4 B ITOTJIOHIAIOIIYIO H‘-IGIZKY Ha KaXJ10M IIC-

K Kk
pexone q in 4 g oyt COOTBETCTBEHHO.

k k
q in 1.5 T T q out .02
') AR S
: : 001}
S
0 : : a
. 0 100 200 200 .
qin1.5 T T qout1.5
1 1

200

100

200
K

200
K

100 300

Puc.2.11. CBs3b BU1a mo1auM BEIIECTBA B IEPBYIO AYEHKY U €T0 BBIXO/1A
B noromiaroryro sueiiky (d=0,3; v=0,1; v+=0,1)

BepxHss napa rpa@ukoB OTHOCHUTCS K €IMHMYHOW HMMITYJIbCHOW MOJiayue
(ceBa). CripaBa moka3aH OTKJIMK Ha HEE B BUJIE BBIXOJA B MOMIOMIAIONIYIO

150
Kk

i “50
: 170

Puc.2.12. KuHetrka 3anoJIHEHUS TYEEK
BEIIECTBOM IIPY HENPEPHIBHOW €IMHUYHOU
ronave
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AYEUKY, OJHOBPEMEHHO $B-
JAOIIMKACSA  PaCIpeIeIICHUEM
BpeMEHU TMpeObIBaHuA AuQ-
byHaupyIOIero BeIiecTBa B
paboumnx suerkax 1enu (B Ko-
peiTiie). PaccuutaHHoe 1Mo
dopmyne (2.11) ero cpennee
BpeMs NpeObIBaHUSI COCTaBJIsI-
€T 0k0J10 S1-T0 mepexoa.

Cpennsasi mapa OTHOCUTCS K
HENPEPHIBHOW €IMHUYHOU I10-
nade. Beixona Bemiecrsa B II0-
IJIOIIAOIIY0 SYEUKY IIOCTe-
IIEHHO HAapacTaeT J0 TeX Mop,



IIOKA HE CPABHAETCS C MOJAYEH, TO €CTh C €AUHUIIEH. B 3TOM cOoCTOsSIHUU
S5*Vi=1, orkyna S5 =1/v#=10. DTO NPOTUBOPEYHUT BEPOATHOCTHOM TpPaK-
TOBKE PEIICHHUS, HO JIA€T MPEICTABICHUE O 3aMOJHCHUH STYEEK BEIICCTBOM.
KuneTrka 3Toro 3amojiHeHHs MokKa3zaHa Ha puc.2.12. OuyeBuaHO, YTO CHA-
yaja ObICTpee 3aMOJIHSAIOTCA NIEPBbIC STYEHKH, HO 3aTEM paclpeeieHre 3a-
MTOJTHEHUSI BEIPABHUBAETCS.

JInst Toro 4TtoOBl BEPHYTHCA K BEPOSTHOCTSIM, HAJ0 BCIIOMHUTH, YTO B
npolecce Mpu TaKoi Mmojaade y4acTByeT He eMMHUYHAs mopius, a 1XK Jac-
Tu1l. Toraa BEpOsSATHOCTh HAWTH MEUYCHYIO YaCTHIY B I-i siaelike B K-M co-
crosiHnu Oyzxer pasHa S;/K, mpuuem ¢ poctoM K JIbBHHAS 0TS BEPOSTHO-
CTH OyJIeT MPUXOJUTHCS Ha 6-10 MOTJIOLIAIOIIYIO Y€Ky, TaK KaK CoJep-
xanue nudPyHaANpyoIEero BeuecTsa (YUCao ero 4acTull) B Hel Heorpa-
HAYEHHO BO3PAaCTAET.

Hwxnsis napa rpadukoB Ha puc.2.11 OTHOCUTCS K HECTAIMOHAPHOUW CHUHY-
couganbHON nogave. OTKIIMK HA HEE TAKXKE SBJISCTCS CUHYCOUJAIBHBIM C
TaKWUM K€ MEPUOJO0M, HO C MEHBIIIEH aMIUTUTYI0H, TO €CTh MPU 3aJaHHBIX
napaMeTpax rnpoiiecca KojaedaHus moJayu Ha BXO/I€ MOJIABIISIIOTCS.

Bbl MOkeTe CaMOCTOSITEIbHO MOAEIUPOBATH MPOLECC C MOPOKIACHUEM
qacTull ¢ momoineio nporpammel MChS. B gactHOCTH, HEOE3BIHTEPECHO
OyJleT UcCIe0BaTh, KaK BIMSIET COOTHOLICHHUE NIEPUOa MOJauu U CpeaHe-
ro BpeMeHU IPeObIBAaHUS Ha CTETICHb MOJAABJICHUS aMILTUTYbI MyJIbCaIui
Ha BxojJie. Kpome TOro, MOXHO BBECTH Jpyrue MpOrpaMMbl U3MEHEHUS
MOJJa4y, HalpuMep, MOCTOSHHYIO T0JIa4y C HAJIOKEHHOW Ha HEE Clydau-
HOW COCTABJIAIOIIEN.

Haxkonern, ObU10 OBI MOJIE3HO OCMBICIIMTEL BCE CHIEJIaHHBIE BBIIIE OMUCAHUSA
Y BBIBOJABI B TEPMHUHAX NPOXOXKACHHUS CUTHAJIA 4YEpPE3 PaACIpPEACICHHYIO
(IMCKPETU3UPOBAHHYIO) CUCTEMY, 00JaJal0NIyI0 CBOMCTBOM MapKOBOCTH.
DTO OCMBICJICHHE TTO3BOJIMT OTOWTU OT 00Opasza YepHUJ B KOPBITIE U TIO-
3BOJIUT OLIYTUTh, YTO JAHHBIA MATEMaTUYECKHUM ammapar MOXKET HaWTh
MIPUMEHECHUE B IIIUPOKOM CIIEKTPE OTpACIICH 3HAHUS.

2.4. Cayuaiinble 0yxkaanus 1 1u(pPy3usi Ha MIOCKOCTH

B nacrosmem pazzaene Mbl 0000IIMM MOTYyUYEHHBIE BBINIE PE3YyIbTAaThl Ha
ciydaiinple OnykKaaHus ¥ AudQy3uro 4acTUIll Ha TIOCKOCTH. OCHOBHBIC
UJIeH ONKMCAHUS ABWKEHUS OCTAaHYTCS TAKUMHU e, KaK U IMPU OJTHOMEPHOM
OJIy>KJJaHUH 10 TIPSIMOM, HO TOSIBATCSI HEKOTOPBhIE OCOOCHHOCTH, 3aCTyKH-
BarolMe BHUMaHus. HauHem ¢ onucanus O1ykJ1aHUM MaTpoca B 0ape, KO-
TOPBIH Ternephb pa3rpaduicH Ha IBYXMEPHYIO CeTKY sueek (puc.2.13).
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Puc.2.13. PacueTHas cxema Oiy»KIaHUM MBSHOTO MaTpoca Ha MIOCKOCTH

bynem cunraTh, 4TO MaTpOC MOJKET IIAraTh TOJBKO YE€pPE3 CTOPOHBI KBAJI-
para, B KOTOPOM OH HaXOJMUTCS, HO HE Yepe3 ero yribl. Ecnu mar nenaer-
csl 00s13aTENbHO, a4 HAIIPABJIEHUSI €r0 PaBHOBEPOSITHBI, TO CAMU BEPOSTHO-
CTH 3aBUCAT OT TOT0, B KAKOM MeCTe€ MaTpoc Haxomautcs. Ha pucyHke BbI-
JEJIEHBl TEMHBIM HEKOTOPBIE STYEMKH, W JJII HUX MOKa3aHbl BO3MOKHBIC
HaIIPaBJICHUS NIEPEXOJ0B U UX BEPOATHOCTH. OUEBUIHO, YTO JUISl NPUHS-
TOM CXEMBbI OTyX1aHUN BEPOSITHOCTh MEPEX0/IA U3 AYCHKHU paBHA €IMHULIE,
JEJICHHOM HA 4YMCJIO0 BO3MOKHBIX HAIlpaBJeHUM Iepexona. Jlanbuie urpa
pPa3BHUBAECTCs, KaK U B OJHOMEPHOM ciiy4ae. MBI CTaBUM MaTpoca B HEKO-
TOPOE HAYAIBHOE MOJIOKEHHUE, CMOTPUM Ha YHCJIO BO3MOXHBIX HAIIpaBJIe-
HUN TIEPEX0JI0B U3 HEro, OpocaeM «MOHETKY» U B 3aBUCUMOCTH OT BbI-
NABILIETO PE3yJbTaTa HANPABISEM MaTpoca IO OJHOMY W3 Pa3pelICHHBIX
HanpaBienuid. (Kcratu, ogHuM OpocaHueM MOHETKHM MOKHO OOOMTHCH
TOJBKO JUJI YTJIOBBIX AYEEK; MOJAYMaWTEe, CKOJIBKO T'PAHEN JOJKEH WMETh
UTpaIbHBIN KyOUK, 4TOOBI C MOMOIIBIO OJTHOTO €ro OpOCKa MOKHO peliaTh
BOIIPOC O HAIpaBJEHUU Nepexojia AJis Jo0oi sueiiku.) Ecnu mocie oue-
PEIHOrO MEPEX0/Ia MATPOC OKA3bIBAETCS B STYEHKE 3a IBEPBIO, MNPOLEaYypa
3aKaHuMBaeTcs. Bel moMHUTE, B 4yeM 3akitodaeTcs urpa? Marpocy oTBe-
neHo N maros. C kakoil BEpOSITHOCTBIO OH OKa)KeTcsl 3a ABepbhio? UTOOBI
€€ OINPENENIUTh, HAI0 «3aIyCTUTh» MHOI'O MAaTPOCOB U MTOCMOTPETH, KaKas
4acTh U3 HUX 32 N WIM MEHbIIE 1IaroB OKaXETCS B «3aJBEPHON» sUCHKE.
Bbl MokeTe moHabmoAaTh 3a OMyXKIaHUSIMUA MaTpPOCca U OLIEHUTh COOTBET-
CTBYIOIIIE BEPOSITHOCTH ¢ mOMOIIbI0 iporpammbel MCh6. Ona cocrariena
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JUIsl MAJICHBKOTO 0apa pasMepoM 3x3 11aroB UMEHHO JJisl 3TOTO pa3Mepa.
MpbI peKOMEHyeM BaM MOMBITATHCSI COCTABUTh aHAIOTUYHYIO MPOrpaMMy
JUISl CETKH STYEEK MPOU3BOIBLHOTO pazMepa NXm.

[Ipumep WMHIMBUIYAIBLHOW peanu3aluy Tpolecca ONyKJIaHUuN maTpoca
noka3aH Ha puc.2.14, rae u300pakeHbl MOJIOKEHUSI MaTpoca 3a MEPBbIE
CEeMb IIIarOB U MOJIOKEHHE Tocie 15-ro mara, Korja oH BBIIIET U3 Oapa.
Ha cnenyromem puc.2.15 nokazana BEpOATHOCTh 3TOI'0 BbIXOJ1a B 3aBUCH-
MOCTHA OT OTBEJICHHOTO YHUCJa IIaroB. 371€Ch JIS Ka)XXJOr0 YHKClia 1IaroB
HAHECEHBI pacyeTHbhIC JaHHBIC MO MATH TECTaM, KaXKJbId M3 KOTOPBIX CO-
ctouT u3 1000 ucnbeiTanuii. Pa3opoc maHHBIX MO TECTaM XOTSA U HEBEJIUK,
HO BCE-TaKU 3aMETEH.

Puc.2.14. Tlpumep peannzanuu npolecca ciiydyalHbIX Oy’ aaHuil MaTpoca
Ha IJIOCKOCTH

Ecnu cpaBHuTh JaHHbIE pUC.2.15 ¢ maHHBIMU pHC.2.3, TO MOKHO YBHUJIETH,
YTO HECMOTPsS Ha ropa3fo MEHbIIMN pa3Mmep Oapa, Mpu ONyXKJAaHUM 10
IUIOCKOCTH TpeOyeTcs ropa3fgo OoJibIlIe 1IaroB, YTOOBI JTOCTUYL BBIXOJA,
YeM MpU OAHOMEPHOM cxeMe. l1osBiIeHne JONOMHUTENBHONU CTENEHU CBO-
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00161 OJTyXJaHUil MaTpoca (M0 MEepNeHAUKYJIIPHOMY HAMPABICHUIO K ITy-
TH K JIBEPH), HE BEAYIICH K JOCTUKECHHUIO OJaronpusiTHOrO MCXOJ1a UCTIbI-

-
o

————————————————————————————————————————————————

=
(o)

------------------------------------------------

=
T

BepositHOCTB BBIXOAA

=
()

--------------------------------------------

50 100 150

Yucno maros marpoca

Puc.2.15. Bausiaue yncna maroB MaTpoca

Ha BepOHTHOCTL BbBIXO44
(5 TectoB 1o 1000 ucoeITaHmit)

TaHWS, 3HAYUTEIHLHO YMEHBIIIAET
BEPOSATHOCTh BBIXOJIa U3 Oapa 3a
OJIMHAKOBOE YMCJIO I11aroB.

Teneps nepeneM K NOCTPOEHUIO
MAaTPUYHOM MOJENIH Ipolecca,
KakK 3TO ObUIO CHIEJIAaHO JJISl OJTHO-
MepHOU cxembl OnyxaaHui. Hau-
HEM pacCMOTPEHUE aJropuTMa
TIOCTPOCHHUS STYEECYHOM JIBYXMEp-
HOM MOJENIN C HEOOJBIION LENHU
pasmMepoM 3x3, TMOKa3aHHOW Ha
puc.2.16, npuyem, nomMHs 0 HU3u-
YECKOM  CXOJICTBE  CIyYaWHBIX
onyxxaaHuii U mporecca auddy-
3UW YacTHUIl, cpa3zy OyaeM oIepHu-

poBaTh TepMuHaMu mporecca audpdy3uu. YtoObl HE 3arpoMOXKIaTh pac-
yeTHbIe (POPMYJIbl, OrPAaHUYUMCS MOKa PACCMOTPEHHEM YUCTO UG Py3u-

dx
(1,1) » (1,2 » (1,3)
1 < 4 < 7
A dX A A
dy dy
A\ 4 < \ 4 \ 4
(2,1) » (2,2 » (2,3)
2 < 5 < 8
A A A
A\ 4 \ 4 \ 4
(3,1) » (3,2 » (3,3
3 < 6 < 9
vy
Puc.2.16. Cxema sueeqyHOU MOOENN
JBYXMEPHOU 1ienu pazmepom 3x3
S11 S12 S13
Sm= S21 S22 S23
S31 S32 S33
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OHHOTO TIEPEHOCA, pPa3pEIICH-
HbIE HAIlpaBJICHUSI KOTOPOTO TI0-
Ka3aHbl HA PUCYHKE CTPEJIKAMH.
OueBUAHO, YTO ATa CXEMa COOT-
BETCTBYET TJIOCKOMY KOPBITITY C
3aKPBITHIMU TPAHUIIAMU, TO €CTh
C KpPaeBbIMHU YCJIOBUSMH BTOPO-
ro pojia Ha BCEX OTrpaHUYMUBALIO-
mux obsacte quddy3un TUHU-
ax. Jusg Takon uenum pacnpene-
JeHue coaepxkanus audpyHau-
pYIOIIETO BelIecTBAa (YEpHWUI)
yA00OHO MPEICTaBUTh MaTPHUIICH
COCTOSTHUS

(2.25)



OpnHako AJisi TOCTPOEHUS MATPUIIBI MEPEXOJHBIX BEPOSTHOCTEN U BBINOJI-
HEHHUS TOCIEAYIONMX MATPUYHBIX ONEpaluil SYEUKU MOJEHU JIOJKHBI
OBITh MPOHYMEPOBAHBI B MPSIMOM MOCJIEIOBATEILHOCTH, KaK ATO IMOKA3aHO
Ha puc.2.16 1 OTpaKEHO B MaTPHUIIE

~

(2.26)
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w v wn
oo

o

KOTOpasi 3aTeM J0JKHA ObITh MpeoOpa3oBaHa B BEKTOP-CTOJIOECI COCTOS-
HUS

S=| .| (2.27)

IIpu Takoil HyMepaluuu sTYE€EK CTAHOBUTCS OUYEBUIHBIM PABUIIO MOCTPOE-
HUS MaTpUILbl IEPEXOIHBIX BEPOSTHOCTEN, KOTOpask UMeeT pazMep 9x9 u B
KaXKJIOM CTOJIOIE COJIEP)KUT BEPOSTHOCTH MEpexoaa U3 JaHHOW SYEUKU B
COCEIHUE B COOTBETCTBUU C UX MPSAMOM OJTHOMEPHOM HyMepauueu. B aton
MaTpUle Ha TJIaBHOM JAWArOHaJId COJEPKATCA TOJU KIIFOYEBOTO KOMIIO-
HEHTA, OCTAIOLIHUECS B SYEHMKAX 3a OJIMH IMEPEXOM U MOJy4aeMbl€ BbIUUTA-
HUEM U3 €IUHUILIBI CYMMBI BEPOSITHOCTENU NEPEXOJOB B COCEAHUE AUYECHKH.
Hwuxe nokazaHbl BO3MOYKHBIE TIEPEXOJIBI B MATPUILIE:

151 21 0 41 0 0 0 0 0

152 252 352 0 551 0 0 0 0

0 2—>3 353 0 0 6—3 0 0 0

14 0 0 454 554 0 7—4 0 0 . (2.28)
P= 0 2—>5 0 455 555 655 0 8—>5 0

0 0 3—>6 0 556 656 0 0 956

0 0 0 47 0 0 7—>7 857 0

0 0 0 0 558 0 758 8->8 98

0 0 0 0 0 6—>9 0 8—>9 99|
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BeposaTrHocTH nepexoq0B B COCEAHUE STUYEHKN PACCUUTHIBAIOTCS B COOTBET-
cTBUM C 3aKkOHOM Duka no Gopmyse (2.18). s NpAMOYTroAbHBIX STYEEK
pasmepoM AX, Ay 3TH BEPOSITHOCTH UMEIOT BUJ

d - DAAt2 . d, =Dt (2.29)

X Ay

rae D — xosppunment makpoauddysuu, cuutaromiencss u30TpomHOM, TO
€CTh OJMHAKOBOM MO JII0OOMY HampaBieHHI0. MaTpuiia MepexoIHbIX Be-
POSITHOCTEM J1JIsS 3TOTO Cy4dasi UMEET BUJT

1-d,-d, d, 0 d, 0 0
d  1-2d0-d 0 d, 0
0 d  1-d-d 0 0 e )
P=| d, 0 0 1-d-2d,  d, 0o .
0 d, 0 0  1-2d,-2d,  d,
0 0 d, 0 d  1-d-2d,

Opnako HanOoJIee PaCIPOCTPAHCHHBIM CIIy4aeM MOJCIUPOBAHUS SBIISCT-
cs UCIOJNb30BaHUE KBAJAPaTHBIX Adeek, korga Ax=Ay u dy=d,=d, uro mo-
3BOJISIET 3amucath MaTpuily (2.30) cienyromum oOpazom

M12d d 0 d 0 0 0 0 0]
d 13 d ©0 d 0 0 0 0
0 d 12d 0 0 d 0 0 0
d 0 0 13 d 0 d 0 0

Pzl 0 d 0 d 14d d 0 d 0 (2.31)

o 0o d ©0 d 13 0 0 d
o 0o 0 d 0 0 12 d o0
o 0o 0 0 d o0 d 13d d

o 0o o0 o0 o0 d 0 d 1d

[TockoybKy M3 JaHHOW STYEHKU BO3MOXHO He 0o0Jjiee YeThIpex IMepexooB,
TO HAaUMEHbBIIEE 3HAYEHUE BEPOSITHOCTU OCTaThCsl paBHO 1 — 4d, oTkyna
CJIEAYET YCIOBHUE YCTOMUYMBOCTHU BBIYUCIUTENBbHON npouenypsl d<1/4, Tak
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KaK B COOTBETCTBUU C (PU3UYECKUM CMBICIIOM BEPOSATHOCTH HE MOTYT OBITh
OTPULIATEIIbHBIMHU.

TakuM 00pa3oM, BOIOLMS COCTOSIHUS KJIFOUEBOTO KOMIIOHEHTA MOMKET
OBITh OMKMCAaHA PEKYPPEHTHBIM MAaTPUUHBIM PABEHCTBOM

sk = psk (2.32)

KOTOpo€ MO (PopMe MOJHOCTHIO COBIAJAET C AHAJIOTUYHBIM PABEHCTBOM
JUIS. OJTHOMEPHOM I1enu. ECTeCcTBEHHO, UTO JIJIs Havajla pacyeToB JOJKEH
OBITh 3aJlaH HAYAJIbHBIA BEKTOP cOCTOSHUS. [I0CKOIbKY CyMMa 3JIEeMEHTOR
matpunbl P (2.31) B kakmoil cTpoke paBHA eauHUIE (HOPMHPOBKA I1O
CTpPOKaM), TO aCUMIITOTUYECKOE paclpeacsieHue CoAepKaHus KIFOYEBOTO
KOMITOHEHTa TIpr K—00 Oy1eT paBHOMEPHBIM, YTO COOTBETCTBYET (hHU3HYE-
CKOM CYILIHOCTH mpoluecca. Ecinu B mpoluecce NpUCyTCTBYET U KOHBEKTHUB-
HbII NEPEHOC BEIIECTBa, TO K BenuuuHaMm Oy u 0y B COOTBETCTBYIOIIUX
CTPOKaX JIOJDKHBI OBITH J100OABIEHBI BEIMYHUHBI Vy W/HUIIH Vy.

[TonmpoOyeM HECKOJIbKO MHaUYE «IPOUYUTATHY (PU3MUECKUN CMBICT MAaTPHUIIBI
NIEPEXOIHBIX BEPOSATHOCTEH JJIA JABYXMEPHOW CETKHM sUYeeK, HaIlpuMmep,
Matpuiibl (2.31). Ee M0okHO pa30UTh Ha MEHBIIIME MATPHUIIbI, KAK 3TO MOKa-
3aHO B popMmyJie

8 (2.33)
d

U IIepenucaTh B BUAC OJOYHON MaTpPHIIBI, KOTOpas caMa COCTOUT M3 Mart-
PUII MEHBIIIETO pa3Mepa

Pn P, Z
P=1Py Py Pyl (2:34)
Z Py Py

o1



I7Ie COOTBETCTBUE MATPHUI] BUJIHO U3 CPABHEHUS JIBYX MOCIECIHUX POPMYIL.
[IprucMOTpEBIINCH, MBI YBUJIUM, UTO MAaTPUILIbI, CTOSIIME HA TJIaBHOM JAua-
roHajqu MaTtpuibl P, onmuchIBalOT MEPEXObl MEXIY CTPOKAMHU B IEPBOM,
BTOPOM M TpeTheM CTOJ0Iax ceTku siueek (puc.2.16). (Toabko HE HaJlO
TOPOIUTHCA C BBIYMCIECHHEM BEPOATHOCTEW OCTAaThCsA, TaK KaK OHU pac-
CUUTBHIBAIOTCA C YUYETOM 6CeX BBIXOJOB M3 SAYCHKHU.) MaTpuilbl, CTOAIINE
MO/ TJIABHOW JUAroHaJbIO, SIBJISAIOTCS AUAroHaJIbHBIMUA MaTpUIAMU (C OJI-
HOM TJIAaBHOM JUAroHajbi0 — BCE OCTAJIbHBIE 3JIEMEHThI HYJIEBBIC) U OIU-
CHIBAIOT TEPEXObl BIPABO MeXAy cTosiOmamMu. COOTBETCTBEHHO MaTpH-
Ibl, CTOAIIME HAJ TJIABHOW IHAroHaJdbi0 MaTpuubl P, Takxke SBISIOTCA
JMaroHaJbHBIMU W OMMCHIBAIOT MEPEXOJIbl BIEBO MEXAY cTosOmamu. Be-
POSATHOCTH K€ OCTaThCsl PACCUUTHIBAIOTCSA, KaK U paHee, MyTEM BEIYUTAHUS
U3 €IMHUIIBI CYMMBI BCEX OCTAJbHBIX BEPOSTHOCTEH B JAaHHOM CTOJOIIE.
Pa3bepurech BHUMATEIbHO C 3TOM MHTEpIpPETAIMEN: OHA CYHIECTBEHHO
yIpPOIIAeT MOHUMAHUE W TOCTPOCHUE MATPHUIIBI MEPEXOIHBIX BEPOSTHO-
CTEU 1 IBYXMEPHOU LENH SAYEEK.

[Tporpamma MCh7 mno3Boaser moxpenupoBath mporecc auddysum Ha
miockoct. OHa cocCTaBi€Ha [Jis MPSIMOYTOJbHOW JIBYXMEPHOM CETKHU
pasMepoM NXM C 3aKPBITBIMU TPAHUIAMHU U JIOMYCKAET YUYE€T KOHBEKTHUB-
HOTO TiepeHoca BIpaBo. JlJisi 0CBOCHUsI MaTepuaia OyJIeT O4YE€Hb MOJIE3HO
CaMOCTOATEJIbHO MOJIU(PHUIIUPOBATH €€ JJISI BKIIOUCHHUS B KAKUX-TO TEPH-
(bepuiiHBIX sSTYEHKaX KPAeBbIX YCIOBUN TPETHETO POAa, a TAKXKE JJIsi MOJe-
JMPOBAHUS MIPOLECCOB € MOPOKICHUEM YACTHII.

Ha puc.2.17 moka3zaHa paccuMTaHHas MO HEH SBOJIIOIUS COAEPKaHUS TU(-
GyHIMPYIOIIETO BellecTBa Ha ceTke pasMepoM 5x10 mpu H30TpoOmHOM
nuddy3un, NOMOJHEHHON KOHBEKTHUBHBIM TEPEHOCOM BHpaBo. Pacuersl
BbInojHeHbl st d=0,5 u v=0,5 npu HaYaIbHOM JIOKAJIN3allMK BEIEeCTBA B
saeiike (1,1). OqHOBpEMEHHO ¢ KOHBEKTHBHBIM MEPEHOCOM ITPOUCXOUT
MoTnepeyHOe BhIPAaBHUBAHHUE CojJiepKaHus AUDPYyHAUPYIONMIETO BEIECTBa,
Y aCUMIITOTUYECKOE PACIPEAECICHUE CTAHOBUTCS OJTHOPOJIHBIM IO IIUPUHE
KOPBITIIA, HO CMEIICHHBIM B CTOPOHY AEHMCTBUSI MACCOBOM CHIIBI, BBI3bI-
BalOLIEH KOHBEKTUBHBIN nepeHoc. Ha puc.2.18 mokaszanbl pe3ysbTaThl MO-
nenupoBaHus JudGy3U B 3TOM K€ KOPBITIIE, HO C YCTAHOBICHHON MEXTy
CTOJIOIIAMU 5 U 6 EPErOPOJKON C OTBEPCTUEM B OJIHY SIUCHKY.

DTOT JOCTATOYHO CIIOXHBIM 11 MOJICIUPOBAHMS CJIydail BeCbMa MPOCTO
pelIaeTca paccMaTpUBAEMbIM METOJIOM. J[Jis1 3TOr0 10CTaTOYHO 3alPETUTH
nepexoabl MEXAy BCEMH sTYEHKaMU CTOJIONOB 5 U 6, KpOME HUKHUX.
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Puc.2.17. Pactipenenenue coaepxanus AudyHIUpyIONIIETro BelecTBa B pa3nyHbIe
MOMEHTHI BPEMEHHU Ha TIJIOCKOM CETKE STUEeK

Puc.2.18. Pacnpenenenue conepxanus Au¢GHyHAUPYIONIETo BEIIECTBA B PA3INYHBIC
MOMEHTHI BpEMEHH Ha IJIOCKOM CETKE SYEEK C MEePETOPOIKON MEKIY 5-M U 6-M
CTOJIOIIAaMH C OTBEPCTHEM B OJHY SUCHKY
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Eciau BCcOMHUTH UHTEpHOpETAldi0 MaTpullbl P kak OJ0YHONW MaTpHIlbI, TO
B HEU JOCTATOYHO 3aIlUCATh

0000 O 00000
0000 O 00000

P.=[0 000 0/ P,=/0000 0| (2.35)
0000 O 00000
00 0 0 d+v| 000 0 d

OCTaBHUB BCE OCTaJIbHbIE MATPHUIIHI MEPEXOJIOB MEXAY CTOJIOIAMH C MOJ-
HBIMU TJIaBHBIMU JUATrOHAJISIMH.

[Tomemennoe B sueiiky (1,1) muddynaupyromiee BemecTBo Onarogaps
KOHBEKTUBHOMY NEPEHOCY CHaydasia JOBOJIBHO OBICTPO pacHpoCTpaHseTCs
710 TIEPEropoJKU, KOTOpas He mpomnyckaer ero gajibiie. [lonepeunas aud-
(y3usl IEPEHOCHUT €r0 B 30HY OTBEPCTHSI, UYE€pe3 KOTOPOE OHO HAUMHAET
MEPETEKATh BO BTOPYIO KaMepy. ACHMIITOTUYECKOE PACIPEACICHUE COB-
MaJIaeT C TAKOBBIM MPU OTCYTCTBUHU MEPETOPOJIKHA, HO CTPEMIICHUE K HEMY
MPOUCXOJUT 3HAYUTEIHLHO MEIJICHHEE, YeM B MpeablaylieM ciydae. Bbl
MOXETE CAMOCTOSITEIIbHO Pa3MECTUTh MEPETOPOAKY B JIIOOOM MECTE CETKH,
c/ieNiaTh OTBEpCTHE (MJIM HECKOJIBKO OTBEPCTHI) JI0O0W AOIMYCTUMOM IIu-
PUHBI M1 IOCMOTPETh, KaK 3TO OYJET CKa3bIBAThCSl HA DBOJIOLIMU COJIEpKa-
Hua auddysaupyromiero BemectBa. [lomgymaiiTe, kak U3MEHUTCS ayro-
PUTM MOCTPOCHUSI MATPUILIBI IEPEXOTHBIX BEPOSTHOCTEN, €CIIU EPETOPO-
Ka OyJIeT IPOJ0JIHLHOM.

Wtak, Ml yoequnuch, 4To Teopus ueneir MapkoBa siBisetcs: 3G (PeKTrB-
HBIM MHCTPYMEHTOM MAaT€MaTUYE€CKOT0 MOJCTUPOBAHUS MHOTHX IPOIEC-
COB, KOrJja IIPOCTPAHCTBO COCTOSIHUM HEKOTOPOI'O CIy4alHOIO IMpolecca
OTOXKJIECTBJISIETCS] C MPUHAICKHOCTBIO K HEKOTOPOMY TOJI0XKEHUIO 00b-
€KTa, TO €CTh PACCMATPUBAETCS IBOIIOLMS NPOCTPAHCTBEHHOTO pacipese-
JeHus BepoaTHocTen. [lepeigeM K pacCMOTPEHUIO MOICIUPOBAHUS APY-
TUX MPOLECCOB, IJ€ MPOCTPAHCTBO COCTOSIHUN UMEET ApYyrov pu3nyecKui
CMBICI.
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